TATE FRACTURE, ORIENTATION OBSTRUCTIONS, AND
GENUINE Cy-COEFFICIENTS IN BERKOVICH MOTIVES

RIYAN CHRISTY

ABSTRACT. Let I' = Cs. For an arbitrary presentable stable co-category
C, we prove a coefficientwise Tate fracture theorem: genuine I'-objects
with coefficients in C are equivalent to triples

(B,G,7), B e Fun(BI,C), GeC, ~:G— B™.

When C is presentably symmetric monoidal, this equivalence is symmetric
monoidal. Writing Re = (1¢)", we deduce that a line L € Pic(C) admits
the correction needed to replace an L[—1]-valued geometric shadow by
1[—1] precisely when
Re ~L® Re

as Rc-modules. The space of choices is the corresponding equivalence
space and, when nonempty, is a torsor under GLi(R¢). We call such a
trivialization a Tate orientation.

We apply this criterion to the sphere-valued Berkovich motives recently
introduced by Scholze, whose cancellation theorem holds over every base.
For every small arc-stack X, the canonical effective genuine object

W =Ty XS7!

has Borel shadow Tx with additive sign action, geometric-fixed-point
shadow Tx[—1], invertible stable image, and satisfies integral effective
cancellation. A normalized stable line with the same Borel shadow and
geometric shadow 1x[—1] exists if and only if Tx is Tate-orientable.
We construct a real Betti-Galois realization under which Tr becomes
the sign local system. Lin’s form of the Segal conjecture then gives a
2-adic monodromy obstruction, proving that no normalized stable or
effective line exists over the real point, or over any base admitting a real
point. In contrast, normalized effective objects exist at the complex point,
after inverting 2, and at nonarchimedean geometric points of residue
characteristic 2. Finally, we state an exact effective-lifting criterion,
separating the unconditional stable classification from the remaining
essential-image problem.
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1. INTRODUCTION

Let X be a small arc-stack in the sense of Scholze. We write

CY' = Dhot(X;Sp)

mot
for the sphere-valued effective Berkovich motivic category, Tx € C;}H for its
first Tate object, and
Cx = Diot(X;Sp) = CH[Ty']

for its stabilization. Scholze’s construction is written primarily with integral
Eilenberg—Mac Lane coefficients, but the coefficient spectrum may be replaced
by the sphere spectrum, or more generally by an arbitrary E..-ring. His
cancellation theorem states that

(1) ~@Tx: ¥ — ¢

is fully faithful for every small arc-stack |14, Def. 5.2, footnote 3, Thm. 7.1].
These facts are inputs to the present paper.
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Two phenomena motivate adjoining genuine Ch-coefficients. The first is
hermitian: real algebraic K-theory packages algebraic K-theory with its
duality action, Grothendieck—-Witt theory, and L-theory into a single genuine
Cs-spectrum, whose Borel, genuine-fixed-point, and geometric-fixed-point
pieces recover the three theories [4, 5|; a motivic theory with genuine Cs-
coefficients is the natural receptacle for such objects. The second is the
contrast with A'-homotopy theory, where quadratic-form phenomena enter
the sphere itself and inversion on G, acts on the Tate object by —(—1) rather
than by —1 [11]. Berkovich motives behave instead like étale or topological
theories—the first Tate object over the complex point is the unit—so one
expects their genuine Cy-refinement to behave like equivariant topology. The
results below make precise exactly how much of that expectation is formal,
and what obstructs the remainder.

We fix a coefficient group

=0,
and study
! =cfosp”, % =Cx@SpT
The coefficient group I is independent of any group arising from geometric
descent. In particular, at the real point we also use Ggr = Gal(C/R), and the
two copies of Cy play different roles.

The structural input is a coeflicientwise Tate-fracture theorem. For a

presentable stable category C, let

Fracr(C) = {(B,G,) | B € Fun(BT,C), GeC, v: G — B"}.
This is the pullback
Fun(A',C) Xevy,c, (—yr Fun(BT,C).

Theorem A (Theorem 2.6). For every presentable stable co-category C, there
s a natural equivalence

C ® Sp?" ~ Fracr(C).

For the genuine object corresponding to (B, G,7y), the Borel shadow is B, the
geometric-fived-point shadow is G, and the genuine fized points are

BhF X gtr G.

If C is presentably symmetric monoidal and tensor product preserves colimits
separately, the equivalence is symmetric monoidal.

The proof is direct. In the spectral Mackey model, genuine fixed points are
an evaluation and therefore preserve colimits; consequently the entire isotropy
recollement of genuine Cy-spectra—the free-geometric idempotent triangle,
the Borel and geometric identifications, the Adams isomorphism, and the
norm—transports along C ® (—), every ingredient being colimit-preserving.
Reconstruction is then an elementary semiorthogonal gluing argument, and
the Tate construction enters through an internal mapping-space computation.
This avoids any unsupported assertion that tensoring with an arbitrary
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presentable category preserves a right-lax limit, and it gives the symmetric
monoidal formula transparently from the lax symmetric monoidality of the
Tate construction. The theorem is a coefficientwise Cy-form of classical
isotropy separation [13, §I1.4]. Unbounded and multiplicative refinements
at C = Sp appear in [6, 12|, and closely related reconstructions for rigidly
compactly generated coefficient categories in |1, 2|; we are not aware of a
reference at the present generality, and the gluing map is made explicit for
later use.

The fracture theorem converts the normalization problem into a Picard-
theoretic obstruction. Put

Re = (1¢)" € CAlg(0).

Theorem B (Theorem 3.1). Let L € Pic(C). The space of framed genuine
correction lines with Borel shadow 1 and geometric shadow L™ is naturally
equivalent to
Edniodp, () (Re, L ® Re).

Consequently such a line exists if and only if L ® R¢ is the trivial invertible
Re-module. When the space is nonempty, it is a torsor under GLi(Rc¢).
Orientations are functorial under symmetric monoidal colimit-preserving
functors.

We call an equivalence R¢ ~ L ® R¢ a Tate orientation of L. This
formulation separates three logically different assertions: existence of a stable
line, choice of its coherent gluing datum, and existence of an effective lift.
Equality in a Grothendieck group, or even equality of the two shadows, does
not supply the gluing datum.

The Berkovich application begins with a canonical object. Let ¢ be the sign
representation of I', and let S°~! be the corresponding virtual representation
sphere.

Theorem C (Theorem 4.4). For every small arc-stack X, the effective object
¥ =Ty RS ey’
has Borel shadow Tx with additive sign action and geometric-fired-point
shadow Tx[—1]. Its stable image is invertible, and tensoring with TS is fully
faithful on ngf’g , integrally.
The word normalized refers to replacing the geometric shadow Tx|[—1]

by 1x[—1] while retaining the Borel shadow. By Theorem B, a normalized
stable line exists precisely when

Rx ~Tx ® Rx, Rx = (1x)".
This criterion is not automatically satisfied.

Theorem D (Theorems 5.1, 6.3, and 6.5). The space of framed normalized
stable genuine Tate lines over X is

Ednodp  (cx) (Rx,Tx ® Rx).
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Over the real archimedean point, this space is empty. More generally, it is
empty over every base admitting a real point. Hence no normalized stable or
effective genuine Tate line exists on such a base.

The obstruction is detected after real Betti—Galois realization. The first
Tate object becomes the sphere with sign Gg-monodromy, whereas the Tate
algebra becomes a constant local system with fiber S" ~ S/ by Lin’s form
of the Segal conjecture. An equivalence between the constant free rank-one
module and its sign twist would give a unit a € ZJ satisfying a = —a, which
is impossible.

There are also unconditional positive cases. At the complex point, Tx =~
1x, so the canonical coefficientwise object is already normalized. After
inverting 2, the Tate construction vanishes and the fracture category splits;
this produces a normalized effective object whose stable image is invertible.
The same conclusion holds at nonarchimedean geometric points of residue
characteristic 2, because 2 is invertible in the corresponding motivic category.

Logical status. All principal theorems in this paper are unconditional. The
external inputs are published theorems used with precise citations: Scholze’s
cancellation theorem and archimedean comparison [14], Lin’s theorem [§],
and the classical isotropy package for genuine Cy-spectra |7, 10, 13|. For a
general base, we do not assert that a normalized line exists. Stable existence
is classified exactly by the Tate-orientation space. Effective existence, when a
stable orientation exists, is a separate essential-image question stated precisely
in Proposition 7.2. Thus no hypothesis is hidden in a proof or relegated to
an informal caveat: conditional conclusions are stated as implications with
their hypotheses in the theorem statement, and the unresolved general case
is recorded as Problem 7.8.

Organization. Section 2 proves the coeflicientwise fracture theorem and its
symmetric monoidal refinement. Section 3 develops Tate orientations, base
change, and the monodromy obstruction. Section 4 constructs the canoni-
cal coefficientwise Berkovich Tate object and proves effective cancellation.
Section 5 applies the orientation criterion. Section 6 constructs the real
realization and proves the real obstruction. Section 7 treats effective lifts and
the positive regimes.

2. COEFFICIENTWISE (C9-TATE FRACTURE

Throughout this section, C is a presentable stable co-category and I' = Cl.
For B € Fun(BT,C), write

N B: Bhl‘ — BhF
for the norm and

B = cofib(Np)
for the Tate construction. Here (=), and (=)™ are the colimit and limit
over BI' formed internally to C: the constant-diagram functor triv : C —

hI’



6 RIYAN CHRISTY

Fun(BT',C) has left adjoint (—),r and right adjoint (—)"T. We normalize
the norm as the mate, under triv 4 (=), of the canonical transformation
trivo(—)pr — id of endofunctors of Fun(BT',C) obtained from summation
over the group; for C = Sp this recovers the classical norm [13, §I.1]. The ad-
vantage of this normalization is that its generating datum is a transformation
between colimit-preserving functors, so it transports along C ® (—).

2.1. Mackey objects and norm factorizations. Let A°®(T") denote the
effective Burnside co-category. Define

Mackr(C) = Fun® (4T (T)°P, C).
The coefficientwise spectral Mackey theorem gives a natural equivalence
(2) C ® Sp?'" ~ Mackr(C).

This is obtained from the spectral Mackey model Sp9" ~ Mackr(Sp) of [3],
together with the functor-category formula for tensoring with the compactly
generated category SpY! ; in the form needed here, for an arbitrary presentable
stable C, it is [1, Obs. 1.9]. In the Mackey model, evaluation at the free orbit
is the Borel functor u, evaluation at the fixed orbit is the genuine fixed points
(=)', and both preserve limits and colimits; geometric fixed points ®! are
the cofiber of the transfer (uX),r — X' and hence also preserve colimits.
Let Facty(C) be the oo-category whose objects are diagrams

(3) Bur & E 2 BhT

with B € Fun(BTI',C) and fa = Np.

The relation between Mackey objects and norm factorizations will be
established as Corollary 2.8 below, as a consequence of the fracture theorem;
it is not an input to its proof.

2.2. The isotropy recollement. Recall the idempotent triangle of pointed
genuine I'-spaces

(ET)y — S° — ET,

smashed into Sp9". Write a = (ET); @ (=) and b = ET @ (—), so that there
is a functorial triangle @ — id — b of exact endofunctors of Sp9'', with a, b
idempotent and ab ~ 0 ~ ba. The organizing principle of what follows is that
every functor we transport preserves colimits, so that no limit construction is
ever tensored; the limits that occur are formed internally, after tensoring.

Lemma 2.1 (The spectrum-level package). The following hold in Sp?*, and
every displayed functor preserves colimits.
(i) The essential image of a (the free part) is equivalent to Fun(BT', Sp)
via the Borel functor u; write j1 for the inverse equivalence followed by
the inclusion, so that u j ~ id.
(ii) The essential image of b (the geometric part) is equivalent to Sp via
O write iy(—) = ET ® infl(—) for the inverse equivalence followed by
the inclusion, so that ® i, ~id and (—)F 01, ~id.
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(iii) wob~0; in particular wi, ~ 0.

(iv) aoinfl >~ jyo triv and boinfl ~ i,.

(v) (Adams isomorphism) There is a natural equivalence ((—)')oj ~ (=)nr
of functors Fun(BT', Sp) — Sp, and under it the canonical comparison
G = (wi YY) ~ YhU s identified with the norm Ny .

These are classical; see |7, Ch. 1|, and |10, §6|, [13, §§1.1-1.2] for modern
accounts. Here infl denotes inflation, left adjoint to the genuine fized points
(—)Y'; in the Mackey model both functors preserve colimits.

Lemma 2.2 (The coefficientwise package). Let C be presentable stable. All
statements of Lemma 2.1 hold verbatim in C ® Sp9", with Fun(BT',C) and C
in place of Fun(BT', Sp) and Sp, the limits over BT being formed internally
to C. Moreover, inflation remains left adjoint to genwine fized points, and
triv remains left adjoint to the internal (=)',

Proof. The 2-functor C ® (—) on Prl preserves equivalences and functorial
triangles of colimit-preserving functors, idempotency, and adjunctions both
of whose members preserve colimits. Statements (i)-(iv) are of this kind,
using C ® Fun(BTI",Sp) ~ Fun(BI',C) and C ® Sp ~ C; so is the adjunction
infl (—)F , since genuine fixed points preserve colimits in the Mackey model.
The adjunction triv - (—)"I' needs no transport: Fun(BI,C) is a functor
category, in which the constant-diagram functor tautologically has the internal
limit as right adjoint.

For (v), both sides of the asserted equivalence are colimit-preserving, so
the equivalence transports. For the identification of the comparison map with
the norm, pass to mates under triv 4 (—)"": the norm was normalized above
as the mate of a transformation between colimit-preserving endofunctors,
and the comparison map is likewise the mate of a transformation between
colimit-preserving functors, obtained from the counit @ — id and (iv). The
identity between the two mates is a spectrum-level fact and an identity
between tensored transformations of colimit-preserving functors; it therefore
descends to C-coefficients. O

2.3. Reconstruction and Tate gluing. Recall the fracture category
Fracr(C) = {(B,G,7) |v: G — B"}.

We first record two lemmas: an elementary reconstruction principle, and the
computation in which the Tate construction appears.

Lemma 2.3 (Semiorthogonal reconstruction). Let X' be a stable co-category
with a functorial triangle a — id — b of exact endofunctors such that a,b
are idempotent, ab ~ 0 ~ ba, and Mapy(aX,bY) ~ 0 for all X,Y. Write
U,Z C X for the essential images of a and b, and let D be the oco-category
of triples (U, Z,6) withU e U, Z € Z, and 6 : Z — XU. Then

X — (aX, bX, dx : bX — YaX),
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with dx the connecting map of the triangle, is an equivalence X ~ D, with

inverse (U, Z,9) — fib(6).

Proof. For essential surjectivity, let (U, Z,d) be a triple and X = fib(¢),
giving a fiber sequence X — Z — XU. Applying the exact functor a, and
using aZ ~ 0 (as Z € imb and ab ~ 0) together with aXU ~ XU, gives
aX ~ QXU ~ U; applying b, and using bXU ~ 0, gives bX ~ bZ ~ Z. The
octahedron axiom applied to X — Z — XU identifies the connecting map
of aX — X — bX with §; conversely fib(dx) ~ X by rotating the defining
triangle.

For full faithfulness, fix X,Y. Applying Map(—,Y) to aX — X — bX
gives a fiber sequence Map(bX,Y) — Map(X,Y) — Map(aX,Y); apply-
ing Map(aX, —) and Map(bX,—) to aY — Y — bY gives Map(aX,Y) ~
Map(aX,aY') by the vanishing hypothesis, and a fiber sequence Map(bX,aY’) —
Map(bX,Y) — Map(bX, bY) with boundary landing in Map(bX, XaY"). As-
sembling, Map(X,Y") is the pullback

Map(aX, aY') Xntap(bx,zay) Map(bX, bY),

the two maps being postcomposition with dy after Xa, and precomposition
with dx. This is the mapping space in D between the associated triples. [

Lemma 2.4 (The gluing mapping spaces). For V € Fun(BI',C) and z € C,
there is an equivalence, natural in both variables,

Mapegsyor (i-2 %iV) = Mape (2, V™).
PTOOf' Wite WV = EJ'V By Lemma 22(1V)7 appl}’lng Map(*J/V) to the

triangle 7 triv z — infl z — 7,2z gives a fiber sequence

Map(ixz, W) — Map(infl z, W) — Map(j triv z, W).

The middle term is Mapg(z, W') by the inflation adjunction. For the
right-hand term, Map(5Y, W) ~ Map(jiY,aW), because Map(5Y,bW) ~
Mappyn(pr,c) (Y, ubW) ~ 0 by Lemma 2.2(iii); since u ji ~ id and waW ~
uW, again by (iii) applied to the triangle aW — W — bW, this gives
Map(jji triv 2, W) =~ Mappu(pr c) (triv 2, ulW) ~ Mape (2, (uW)"'). Now spe-
cialize: ulW ~ XV, and W' ~ SVjr by the Adams isomorphism of Lemma 2.2(v),
under which the comparison map WT — (uWW)" becomes ¥ Ny,. Hence
Map(ivz, X5 V) ~ Map, (z, ﬁb(ENV)) ~ Map, (z, Vtr),
using ¥ fib(Ny,) ~ cofib(Ny) = VT, O
Lemma 2.5 (Factorization versus fracture). There is a natural equivalence
Facty(C) ~ Fracp(C).

It sends a norm factorization (3) to

G = cofib(a),  ~v:G — B™
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induced by the commutative square

B hl —2* S F
W b
BhF BhF

Its inverse sends (B, G,~) to
E =B" xpgr G.

Proof. The map of cofiber sequences associated with the displayed square
gives 7 : cofib(a) — cofib(Np) = BT, Conversely, given v : G — B’ form
the pullback

E——(G

BJ lv

BhF Btl".
The norm triangle makes the fiber of B — BT equal to B,r. Pullback
therefore gives a fiber sequence

Bhpg>E—>G,

and the composite Byr — E — B"'is Ng. Thus Sa = N and cofib(a) ~ G.
The two constructions are inverse by the universal properties of fibers and
cofibers in a stable category. O

Theorem 2.6 (Coefficientwise Ch-fracture). For every presentable stable
oo-category C, there is a natural equivalence

(4) Oc : C ® Sp?'" — Fracr(C).
If X corresponds to (B, G,7), then
uX ~ B, 'YX ~ @, XU~ BM w i G

Proof. The hypotheses of Lemma 2.3 hold in C ® Sp?" with the tensored
idempotent triangle of Lemma 2.2: the required vanishing follows from
Map(jiY,ixz) =~ Mappyn(pre)(Y; wixz) =~ 0 by Lemma 2.2(iii). Thus C®Sp’
is equivalent to the category of triples (U, Z,6 : Z — XU) supported on the
free and geometric parts. Identifying the free part with Fun(BT',C) via u, the
geometric part with C via ®', and converting the gluing data by the natural
equivalence of Lemma 2.4, transforms this triple category into Fracp(C).

For the shadows: ub ~ 0 gives uX ~ uaX ~ B, and ®'a ~ 0 gives
P'X ~ ®'bX ~ G. For the fixed points, apply (=)' to the fiber sequence
X — i,G' = ¥5B’ produced by Lemma 2.3: by parts (ii) and (v) of
Lemma 2.2,

X' ~ fib(G — £Byr),

the map being the composite of v : G — B with the boundary B — LBy
of the norm triangle. Since B — B — Y.Byr is a fiber sequence, the
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pasting lemma for pullbacks identifies fib(G — LBpr) ~ B x g G, as
claimed; this agrees with the inverse construction in Lemma 2.5. ([

Remark 2.7. The proof does not assert that C ® (—) preserves a right-lax limit
presenting Sp?'. Such preservation is not formal for an arbitrary presentable
C. Instead, the argument transports the isotropy recollement, all of whose
ingredients preserve colimits, and lets the Tate construction appear through
the internal mapping-space computation of Lemma 2.4.

Corollary 2.8 (The C>-Mackey presentation). There is a natural equivalence
Mackp(C) ~ Facty (C).

Under it, B is the value on the free orbit with its I'-action, E is the value on
the fized orbit, and the two maps of (3) are the transfer and restriction in
adjoint form.

Proof. Compose (2), Theorem 2.6, and the inverse of Lemma 2.5. The
identification of the values follows from the shadow and fixed-point formulas
of Theorem 2.6, since in the Mackey model the free- and fixed-orbit values
are uX and XT. O

2.4. The symmetric monoidal structure. Assume now that C is pre-
sentably symmetric monoidal and that tensor product preserves colimits
separately. The Tate construction is lax symmetric monoidal [13, Sec. 1.3];
write
HB,B’ . BtF ® (B/)tF N (B ® B/)ﬂ“
for its multiplication and 1 : 1 — (1) for its unit.
Define a tensor product on fracture triples by

(B,G,v)® (B, G"7)
()
= <B 9B, God, God 12 BT o (BT 22, (Ba B')tf) ,
where the Borel tensor product has diagonal I'-action. The unit is
(1,1,7:1 — 1),
Proposition 2.9 (Multiplicative fracture). The tensor product (5) makes

Fracr(C) presentably symmetric monoidal, and the equivalence ©¢ of Theo-
rem 2.6 is symmetric monoidal.

Proof. The pullback defining Fracp(C) inherits a symmetric monoidal struc-
ture from the pointwise structure on Fun(A', C), the strong monoidal evy, and
the lax symmetric monoidal Tate construction, exactly as for the lax equaliz-
ers of [13, §II.1]; on objects it is the formula (5), with the displayed unit. On
genuine objects, u and ®! are strong symmetric monoidal: both are tensored
from their spectrum-level counterparts, ®' because ET is an idempotent
FE-algebra, so the geometric part is a smashing symmetric monoidal local-
ization [9, §4.8.2]. The isotropy-separation transformation ®'X — (uX)
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is lax symmetric monoidal: it is the mate of the connecting map of the
idempotent triangle, and its multiplicativity is the E,.-idempotence of ET".
Hence O¢ is lax symmetric monoidal, and its tensor and unit comparisons
have equivalence components on both the Borel and geometric shadows. The
forgetful functor

Fracr(C) — Fun(BI',C) x C, (B,G,v) — (B, G),

is conservative, because a morphism of triples whose two shadow components
are equivalences is an equivalence in the defining pullback. Therefore every
comparison map is an equivalence and ©¢ is strong symmetric monoidal.
Compare the multiplicative fracture square of [12] and, for rigidly compactly
generated coefficients, [1, §§5-6]. O

Corollary 2.10 (Detection of invertibility). A fracture triple is invertible
only if its Borel and geometric shadows are invertible. Conversely, a morphism
of fracture triples is an equivalence if and only if it is an equivalence on both
shadows.

Proof. The first assertion follows from the strong symmetric monoidality of
the shadow functors. The second follows from the conservative forgetful
functor used in the proof of Proposition 2.9. O

3. TATE ORIENTATIONS AND THE PICARD OBSTRUCTION

Let C be presentably symmetric monoidal and stable, with tensor product
preserving colimits separately. Put

Re = (1¢) € CAlg(C).

3.1. Correction lines. Let L € Pic(C). A framed correction object of type L
is a fracture triple with chosen identifications of its Borel shadow with 1 and
its geometric shadow with L~!. Thus it is represented uniquely by a map

(6) v: L' — Re.

It is a framed correction line if the associated genuine object is invertible.
Let Line (C) denote the resulting space.

Tensoring (6) by L, followed by extension of scalars from the unit, gives
an Re¢-linear map

(7) fv i Re — L ® Re.

Theorem 3.1 (Tate-orientation classification). The assignment v +— f,
induces a natural equivalence of spaces

(8) Line (C) ~ Ednodp, (c) (Re.L® Re).

Proof. A map v: L~! — Re is adjoint to a map 1 — L ® Re, hence to the
Re-linear map f, in (7).

Suppose first that f, is an equivalence. Its inverse is adjoint to a map
§: L — Re. The triples (1,L~1,~) and (1, L, ) multiply, using (5), to the
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unit triple. Indeed, the two unit identities are precisely the two inverse
identities for f,. Hence the first triple is invertible.

Conversely, if (1, L1, ~) is invertible, its inverse must have Borel shadow
1 and geometric shadow L, so it has the form (1,L,d). The two product
identities translate under the same adjunction into mutually inverse R¢-linear
maps

Re2L®Re.

Thus f, is an equivalence. The constructions are inverse on full mapping
spaces: under the displayed adjunctions, both sides of (8) are identified with
unions of connected components of the single space Mapg (L1, R¢), and the
two invertibility conditions select the same components. ([

Definition 3.2. A Tate orientation of L is an equivalence of Re-modules
Re = L ® Re.

Corollary 3.3 (Existence and ambiguity). A correction line of type L exists
if and only if the image of L under

Pic(C) — Pic(Modg,(C)), L+— L ® R,
is trivial. When nonempty, the orientation space is a torsor under
GL1(Re) = Autyiodp, () (Fe)-

Proof. The first assertion is Theorem 3.1. After choosing one equivalence,
every other is obtained uniquely by precomposition with an automorphism
of the free rank-one module. (]

3.2. Base change.

Proposition 3.4 (Base change of Tate orientations). Let f*:C — D be a
symmetric monoidal colimit-preserving functor between presentably symmetric
monoidal stable co-categories. There is a canonical map of commutative
algebras

f*Rc — Rp.
For every L € Pic(C), extension of scalars induces a natural map

Edniodp, () (Fe, L ® Re) — Edwioay, (p)(Rp, [*L © Rp).

In particular, orientability is preserved by base change, and nonorientability
after base change obstructs orientability before base change.

Proof. The functor f* commutes with homotopy orbits and has a canonical
comparison f*(B"") — (f*B)""" for homotopy fixed points. These maps are
compatible with norms, hence induce f*(B) — (f*B)''. For the trivial
action on the tensor unit, this is the asserted algebra map; multiplicativity
follows from the lax symmetric monoidality of Tate.

Given ¢ : Re ~ L ® Re, apply f* and extend scalars along f*Rec — Rp:

Rp ~ f*Re ®f+r. Rp L9, L@ Rp.

This is an equivalence and is natural in ¢. O
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3.3. Vanishing away from two.

Corollary 3.5 (Away from 2). If multiplication by 2 is invertible in C, then
()" = 0. Consequently Rc = 0, every line has a unique framed Tate
orientation, and

Fracr(C) ~ Fun(BT,C) x C
as symmetric monoidal categories.
Proof. Averaging by %(1 + 7) identifies homotopy orbits and homotopy fixed
points, so the norm is an equivalence. Its cofiber vanishes. The fracture

gluing map is then unique, and the zero module has a contractible equivalence
space with itself. O

3.4. A monodromy criterion. Let H be a discrete group, let D be pre-
sentably symmetric monoidal and stable, and put

C = Fun(BH,D)

with pointwise tensor product. Set A = (1p)'. Then Rc is the constant
H-local system with fiber A.
Let L, be a tensor-invertible local system with fiber 1p, classified by

X : BH — BGL;(1p).

Proposition 3.6 (Monodromy criterion). The line L, is Tate-orientable if
and only if the composite

BH % BGLi(1p) — BGL(A)

is nullhomotopic. In particular, a nontrivial homomorphism H — mo GL1(A)
obstructs a Tate orientation.

Proof. The A-module local system L, ® R is classified by the displayed
composite, whereas R is classified by the constant map. An equivalence
between them is exactly a nullhomotopy of the classifying map. Apply
Theorem 3.1. U

Corollary 3.7 (The 2-adic sign obstruction). In Fun(BCs,Sp), the sphere
with sign monodromy is not Tate-orientable.

Proof. Lin’s theorem identifies
A=S%~Sh, 7mGLi(A) = ZJ
[8]. Sign monodromy maps the generator to the nontrivial unit —1, so
Proposition 3.6 applies. (]
4. GENUINE COEFFICIENTS IN BERKOVICH MOTIVES

Let X be a small arc-stack. We use the notation from the introduction:

CS¥ =D (X;Sp),  Cx = Duet(X;Sp), Ty eCsL.
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4.1. Coeflicient extension and cancellation.

Proposition 4.1 (Full faithfulness after coefficient extension). Let F': A — B
be a fully faithful colimit-preserving functor of presentable stable co-categories.
If € is compactly generated and stable, then

FRide : AQE —B®E
is fully faithful.
Proof. Write £ ~ Ind(£“). There are natural equivalences
AR E ~ Fun®™((EY)°P, A), B ® & ~ Fun®™((£¥)°P, B)

[9, Sec. 4.8]. The induced functor is postcomposition with F. Mapping spaces
of natural transformations are limits of pointwise mapping spaces, and F' is
an equivalence on every pointwise mapping space. Hence postcomposition is
fully faithful. U

Corollary 4.2 (Coefficientwise cancellation). For every compactly generated
stable coefficient category &, the functor

~9Tx: e —CcFocs

is fully faithful. In particular this holds for €& = SpI", and the coefficientwise
effective-to-stable functor

7% O — C%
is fully faithful and strong symmetric monoidal.

Proof. Apply Proposition 4.1 first to Scholze’s cancellation functor (1), and
then to the fully faithful effective-to-stable functor supplied by cancellation.
The category SpY is compactly generated. O
4.2. The canonical coefficientwise object. Let

u : Sp?t' — Fun(BT, Sp), o Spyl — Sp
be the Borel and geometric-fixed-point functors. For the virtual representation
sphere,

(9) uS > 8%, e'sTTl~ sl
Here Sggn is the sphere on which the generator acts by the degree —1 self-
equivalence.

Definition 4.3. The canonical coefficientwise genuine Tate object is
=Ty RS ey

Theorem 4.4 (Canonical shadows and cancellation). There are natural
equivalences

uTQ ~ Tx ®So,,  ®'TY ~Tx[-1].
The stable image of TS' is invertible, and

YL
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is fully faithful.

Proof. The shadow formulas follow from (9) and the symmetric monoidality
of w and ®'. In Cx, the object Tx is invertible by definition, and 7! is
invertible in Sp?"; hence the stable image is invertible. Tensoring by S~ ! is
already an autoequivalence of the coefficient category, while tensoring by T x
is fully faithful by Corollary 4.2. (|

4.3. Inversion and additive sign. The additive sign action in Theorem 4.4
should not be confused with an involution induced by inversion on a group
object. An equality [t] = —[id] in a homotopy category controls only 7y of a
mapping space and does not, by itself, produce an equivalence of coherent
Cy-actions.

Lemma 4.5 (Antipode identity). Let H be an augmented commutative Hopf
algebra object in an additive symmetric monoidal homotopy calegory. Let I

be the augmentation summand, A : I — I ® I the reduced comultiplication,
and S the antipode. Then

S = —idy —,u(S &® 1d)Z

Thus A = 0 implies the equality [S] = —[id;], but not automatically an
equivalence of coherent Ca-objects.

Proof. For x € I, write A(z) =2 ® 1 + 1 ® 2 + A(x). The antipode identity
u(S ®id)A = ne has zero right-hand side on I. Expanding gives the formula.
([

Remark 4.6 (Contrast with A'-homotopy theory). The hypothesis A = 0 is
not formal. In the motivic stable category SH(k) of a field, applied to Gy,
inversion acts on the Tate sphere by —(—1) = —1 — n[—1], so the correction
term equals n[—1], which is nonzero for instance over k = R [11, §3]. Both
the weak and the coherent comparison are therefore statements about the
particular motivic theory, not formal properties of a group object. No result of
this paper assumes either: all normalizations are stated through the additive
sign object Tx X Sggn, and the real obstruction of §6 uses only mp-monodromy
(Remark 6.4).

Proposition 4.7 (Coherent comparison at the complex point). At X =
M (C), inversion on the first Tate object is coherently equivalent to the
additive sign action.

Proof. Under Scholze’s complex comparison, the first Tate object is the
desuspended reduced suspension spectrum of C*. The deformation retraction

C* —U®), z— z/|2|,

is equivariant for inversion. On U(1) = S!, inversion is reflection and has

degree —1. After desuspension this gives an equivalence of the resulting
coherent Cy-object with S O

sgn*
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5. NORMALIZED GENUINE TATE LINES

Put
Ry = (1x)" € CAlg(Cx).
A framed normalized stable genuine Tate line is an invertible object Lx € C%,
together with chosen equivalences

uLx ~ Tx X S

sgn»

'Ly ~ 1x[-1].
The framing is part of the datum.

Theorem 5.1 (Normalized-line classification). The space of framed normal-
i1zed stable genuine Tate lines over X is naturally equivalent to

(10) Edyody, (cx) (Bx, Tx ® Rx).

Hence a normalized stable line exists if and only if Tx is Tate-orientable. If
this space is nonempty, it is a torsor under GL(Rx).

Proof. The stable image of T is invertible and has geometric shadow T x [—1].
Tensoring a normalized line by its inverse produces a framed correction line
with Borel shadow 1x and geometric shadow T}l. This operation is reversible.
Apply Theorem 3.1 with L = Tx. (]

Remark 5.2. Theorem 5.1 is a classification, not an existence assertion. In
particular, stable invertibility of TS does not trivialize T x ® Rx, and formally
adjoining ’]I';(l does not solve the effective normalization problem.

6. THE REAL-POINT OBSTRUCTION

Let Xp = Marc(R) and X¢ = Maupe(C). Complex conjugation generates
Gr = Gal(C/R). We continue to reserve I' for the independent coefficient
group used in genuine spectra and in the Tate construction.

6.1. Real Betti—Galois realization.

Proposition 6.1 (Real Betti-Galois realization). There is a symmetric
monotdal colimit-preserving functor

Repr : Cx, — Fun(BGRg, Sp)
which sends Tr to the sphere with sign Gr-monodromy.

Proof. The map ¢ : X¢ — Xg gives a symmetric monoidal pullback ¢* :
Cx, — Cx.. Complex conjugation generates a Gr-action on X¢ over Xg, so
every pullback ¢*M carries a canonical coherent Ggr-equivariant structure,

and pullback refines to

Cxy — (Cx)" .

This refinement uses only the functoriality of X + Cx in morphisms of small
arc-stacks, not any descent property; the target is a limit of a BGRr-diagram
of presentable categories with colimit-preserving transition functors, so the
refined functor is symmetric monoidal and colimit-preserving because its
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components are. Scholze’s archimedean comparison identifies the sphere-
valued category Cx. symmetrically monoidally with Sp and identifies T¢
with the tensor unit [14, Prop. 1.5(i), Prop. 3.9, Def. 5.18|. The space of
colimit-preserving symmetric monoidal autoequivalences of Sp is contractible,
Sp being initial among presentably symmetric monoidal stable co-categories
[9, §4.8.2], so the induced action on the coefficient category is canonically
trivial. Hence the target identifies with Fun(BGg, Sp).

It remains to compute the descent action on T¢. In the complex compari-
son, T¢ is the desuspended reduced suspension spectrum of C*. Complex
conjugation preserves the equivariant deformation retraction C* — U(1),
and on U(1) = S! it is reflection, of degree —1. After desuspension the
resulting local system is the sphere with sign monodromy. O

Remark 6.2. Only the realization functor of Proposition 6.1 is needed. No
equivalence between all real Berkovich motives and naive Gg-spectra is
asserted.

6.2. Nonorientability.

Theorem 6.3 (Real obstruction). The first Tate object Tr is not Tate-
orientable. Consequently there is no normalized stable genuine Tate line over
Xgr, and therefore no effective one.

Proof. Assume that Tr has a Tate orientation. By Proposition 3.4, its image
under Repr would be Tate-orientable in Fun(BGR, Sp). Proposition 6.1
identifies that image with the sign local system. Corollary 3.7, applied with
the descent group Gy and the separate coefficient group I', says that this local
system is not Tate-orientable. This contradiction proves the first assertion.
The stable nonexistence statement follows from Theorem 5.1; an effective
normalized object with invertible stable image would supply such a stable
line. (I

The preceding proof can be written concretely. In Fun(BGg, Sp), the Tate
algebra is the constant local system with fiber

st ~ s
An equivalence from this constant free rank-one module to its sign twist
would be represented on 7y by a unit a € Z; . Equivariance requires a = —a,

hence 2a = 0, impossible in Zs.

Remark 6.4 (Coherence-independence). The argument uses only the -
monodromy of the realized Tate object: the generator acts by —1 on the
fiber, whatever higher coherence the action carries. The distinctions between
weak and coherent sign comparisons drawn in §4 therefore do not affect
Theorem 6.3 or Theorem 6.5 below.

Theorem 6.5 (Bases with a real point). Let X be a small arc-stack admitting
a morphism
x: Marc(R) — X.
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Then Tx is not Tate-orientable. In particular, X admits no normalized stable
or effective genuine Tate line.

Proof. Pullback along x is symmetric monoidal and colimit-preserving and
carries Tx to Tr. An orientation over X would therefore restrict, by Proposi-
tion 3.4, to an orientation over the real point, contradicting Theorem 6.3. [J

Corollary 6.6. Any arithmetic arc-stack that contains the archimedean real
point, including Maye(Z) through its usual real norm, is nonorientable.

Proof. Apply Theorem 6.5 to the corresponding real point. ([

7. EFFECTIVE OBJECTS AND POSITIVE REGIMES

The stable classification is complete, but an orientation in Cx need not
come from an object of Cg(ﬂ. We now state exactly what is required.

Proposition 7.1 (Stable invertibility implies effective cancellation). Let
j: A— B be fully faithful and strong symmetric monoidal. If M € A has
invertible image jM , then

- QM: A— A
is fully faithful.
Proof. For P,Q € A,

Ma'p_A(P7 Q) = Ma‘pB(JPL]Q)
~ Mapg(jP ® jM,jQ @ jM)
~ Map 4(P® M,Q ® M).
O

Proposition 7.2 (Exact effective-lifting criterion). Suppose Tx is Tate-
orientable, and let Lx € C% be the associated framed normalized stable line.
An effective normalized object lifting Lx exists if and only if all of the following
hold:

(i) Ly lies in the essential image of 7% : C)ef’g — C%;

(ii) the prescribed Borel and geometric target objects are effective;

(iii) the chosen shadow identifications and their coherence homotopies lie in

the corresponding effective mapping spaces.

When these conditions hold, full faithfulness of j% and of its shadow-wise
analogues makes the effective lift, together with all framed data, unique up to
a contractible space of choices. Tensoring with any such effective lift is fully

faithful.

Proof. Necessity is immediate. Conversely, choose an effective preimage of
Ly using (i). Corollary 4.2 makes j% fully faithful, and the same coefficient-
extension argument applies to the Borel and geometric shadow categories.
Thus the maps and homotopies in (iii) descend precisely when they lie in the
stated effective mapping spaces. The stable image of the resulting effective
object is invertible, so Proposition 7.1 gives full faithfulness of tensoring. [
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Remark 7.3. Proposition 7.2 is not an assumed lemma in the proof of the
stable theorems. It is a complete statement of the additional input required
to pass from a stable orientation to an effective normalized object. Separate
effective lifts of the two shadows do not suffice: the genuine gluing map must
lift as well.

7.1. The complex point.

Corollary 7.4 (Complex point). For X = M,.(C), the canonical object
TS is already normalized, effectively and stably.

Proof. Scholze’s complex comparison identifies Tx with 1x already in the
effective category. The geometric shadow in Theorem 4.4 is therefore 1x[—1].
O

7.2. After inverting two.

Corollary 7.5 (Effective normalization away from 2). After inverting 2,
every small arc-stack admits a canonical effective normalized object whose
stable image is invertible. Tensoring with this object is fully faithful.

Proof. Apply Corollary 3.5 to the effective category Cg(ff[l /2]. The coefficien-
twise fracture category splits, so the pair

(Tx ¥ Sop, 1x[-1])

defines an effective genuine object with the desired shadows. In the split stable
fracture category its inverse is the pair of the inverse Borel and geometric
components. Proposition 7.1 gives effective cancellation. (I

7.3. Residue characteristic two.

Corollary 7.6 (Geometric points of residue characteristic 2). Let X =
Marc(C), where C' is an algebraically closed nondiscrete nonarchimedean
Banach field of residue characteristic 2. Then Rx = 0, Tx has a unique
framed Tate orientation, and X admits an effective normalized genuine Tate
object whose stable image is invertible.

Proof. Scholze proves that the residue characteristic is invertible in the
effective motivic category at such a geometric point [14, Prop. 1.5(iii)]. Thus
2 is invertible and Corollary 7.5 applies. Equivalently, Rx = 0 and the
equivalence space between the two zero Rx-modules is contractible. U

Remark 7.7. The proof does not use a reduced two-point uo-fixed locus, which
degenerates in characteristic 2. The obstruction disappears instead because 2
is already invertible in the local motivic category.

7.4. The remaining locus problem.

Problem 7.8 (Tate-oriented and effective loci). For geometrically meaningful
classes of small arc-stacks X, determine:

() the class of Tx ® Ry in Pic(Modg, (Cx));
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(ii) the space of Tate orientations when that class is trivial;

(iii) which oriented stable lines satisfy the effective-lifting criterion of Propo-
sition 7.2;

(iv) the behavior of these choices under descent and base change;

(v) the sphere-level obstruction at nonarchimedean geometric points of odd
or zero residue characteristic.

Scholze’s local calculations identify several linearized nonarchimedean
motivic categories, including the relevant 2-power torsion categories in suitable
geometric cases. Translating those calculations into the required sphere-level
equivalence of Rx-modules is a separate problem and is not asserted here.

8. CONCLUDING PERSPECTIVE

The canonical coefficientwise object TS and its integral effective cancella-
tion are unconditional formal consequences of Scholze’s cancellation theorem
and genuine representation spheres. The normalized object is subtler: its
existence is governed by the Tate algebra Rx = (1x)!“? and the image of
Tx in the Picard group of Rx-modules. This obstruction is invisible after
inverting 2, but integral information survives through the 2-complete Tate
algebra.

The real point shows that the universal normalized-line conjecture is false
for a structural reason rather than because of a missing technical lemma. At
the same time, the classification theorem turns the failed universal statement
into a concrete geometric program: compute the Tate-oriented locus and then
solve the independent effective-lifting problem on that locus. The fracture
description provides the correct language for both tasks, because it retains
the coherent gluing datum that is lost when one records only Borel and
geometric shadows.
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